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Probabilistic Systems Analysis

PROBABILITY

Probability models and axioms

Definition (Sample space) A sample space € is the set of all
possible outcomes. The set’s clements must be mutually exclusive,
collectively exhaustive and at the right granularity.

Definition (Event) An event is a subset of the sample space.
pmbmmy is usig'nbd to events.
(Probability axioms) A probability law P assigns

probabitic to event and saf i Fllowing s
Nonnegativity P(4) >0 for all events A.
Normalization P(@) - 1
(Countable) additivity For every sequence of events A1, As....
such that A;n A; = 2t P (uA‘) -SP(4)
A

Corollaries (Consequences of the axioms)

« P(@)=0.

o For any finite collection of disjoint events A3,..

P(E“J‘A,) - £ p(a).

o P(A)+P(A) - 1.

o PA)s1

o It Ac B, then P(4) < P(B)

o P(AUB) - P(4) + P(B) - P(4n D).

« P(AUB) <P(4)+B(B).
Example (Discrete uniform law) Assume € is finite and consists
of n qualy likely clements. Alo, assume that A < with k
clements. Then P(4) =

Conditioning and Bayes’ rule
Sefinition (Conditionsl probability) Given that event B has
oceurred and that P(B) >0, the probability that A occurs is

Remmark (Conditional probabilies propertes) They ae thesame
as ordinary probabilitics. Assuming P(B) >

« P(AIB)20

« P@B)=1

« P(BIB

o 1f AnC=2, P(AUCIB) = P(4|B) + P(C|B).
Proposition (Multiplication rule)
P(A10 4200 An) = P(A1) P(A2] A1 )P(An|A1n 2010 Ano1).
Theorem (Total prbabity theorm) Givena partiton
{A1,41,....} of the sample space, meaning mnum =0 and the
events are disfoint, and for overy event B, we have

P(B) = X P(4,)P(B|Ay).

Theorem (Expected vl i) Given o random varable X and a
, we construct the random variable Y = g(X).
T
Ewy () =EY]=E[g(X)] = Zg(@?x(ﬂ

Remark (PMF of ¥ = (X)) The PMF of ¥ = g(X) is
Py Px(@).

oy’
n('m/uk In gencml 9(E[X]) # E[g(X)). They are equal if

9(@) =

Variance, conditioning on an event, multiple r.u.

Definition (Variance of = random variable) Given a random
vaiable X with 4 = E[X], its variance is a measure of the spread
of the random variable and s defined as

Var(0) £ B[(X-1)*] = e - °Px ()

Definition (Standard deviation)

ax = JVar(X).
Properties (Properties of the variance)
« Var(aX) = a2 Var(X), for all a ¢ R.
* Var(X +1) = Var(X), for all b R.
» Var(aX +b) = a? Var(X).
* Var(X) = BIX"] - (BIX])*.
Example (Variance of known r.v.)
« If X ~ Ber(p), then Var(X) = p(1 - p).
o If X ~ Uni[a, ], then Var(X) = (=22{ie+2)
« If X ~Bin(n, p), then Var(X) = np(1 - p).
o If X ~ Geo(p), then Var(X) = 17
Proposition (Conditional PMF and expectation, given an event)
Given the event A, with P() > 0, we have the following
* pxia(e) = P(X =al4).
o If A's a subset of the range of X, then:
Fw,,x(i), ifaed,
otherwise.

Px1a(@) & pxixen) @

* Tepxa(@) =1

* E[X|A] = X 2px1a(®)-

* E[g(X)IA] = 2 9(=)px (@)
Propostion (Total expoctsion ) Givn a psttion of digink
events Ai, 5P(A;) = 1, and P(4)) >0,

=P(ADE[X|A1] + -+ P(An)E[X|An].
Definition (Memory metric random variable)
hen we condition a geometri random variablo X on the event

X > n we have memorylessness, meaning that the “remaining time”
X —m, given that X > n, is also geometric with the same parameter.
Formally,

Pxpn( =px ()
) The ol PMF of sando el

)

Definition (Joint
RSTRCIN

PX1 Xz X (:m, Xn

12n) = P(X1 = a1,

- of the

Theotem (Bayes’ rule) Given o pariton {1, A e
U = Q an nts are disjoint,

sample space, meaning that

and if P(A;) > 0 for all i, then for every event B, the conditional

probabilities P(A;|B) can be obtained from the conditional

probabilities P(B]A;) and the initial probabilities P(A;) as follows:
P(A)P(B|4;)

T P(4;)P(BIA;)

P(AB)

Independence
Definition (Independence of cvents) Two events are independent
if occurrence of one provides no information about the other. We.
say that A and B arc independent if
P(AN B) = P(4)P(B).
Equivalently, as long as P(4) >0 and P(B) >0,
P(BlA)=P(B) P(AIB)=P(A).

Remarks
 The definition of independence is symmetric with respect to
and B.

« The product definition applies even if P(4) = 0 or P(B) =0.
Corollary If A and B are independent, then A and B* are
independent. Similarly for A° and B, or for A° an
Definition (Conditional independence) We say that A and B are
independent conditioned on €, where P(C) > 0, if

P(An BIC) = P(AIC)P(BIC).
Definition (Independence of a colle 5) We say that
events A1, Az, ..., An are independent if for every collection of
distinct indices i1z, ik, we

P(Ai; 000 Ay ) = P(Ag,) - P(Ai )+ P(As, ).

Counting
This section deals with finite sets with uniform probability law. In
this case, to calculate P(A), we need to count the number of
clements in A and in Q.

Remark (Basic counting principle) For a selection that can be
done in  stages, with n; choices at cach stage i, the number of
possible selections is ny -y

Defuiion (Permutations) The numbes of permutations
(orderings) of n. different clemens is

2.3,

Definition (Combin ) Given a set of n clements, the number
of subsets with exactly  clements i

.
0 st

R e —

number of partitions nf Lhe set mw r disjoint subut:. wmh the x"’

subset containing exactly n; elements, is equ

(L

LI
Remark This is the same as counting how to assign n distinct
elements to  people, giving each person i exactly n; elements.

nilnglong

Properties (Properties of joint PMF)

@ ZoEpxix (oo =1
o px, (@)= B Epxy, X (@0 T2 ).
* P, (@2 2) = EPXL XX, (2172120,

definition (Functions of multiple r.v.) If 2=
where g: R

Proposition (Expected value rule for multiple r.v.) Given
GRS R,

PE

Blo(X, s Xn)] = 8@ TPy X (@100

Properties (Linearity of expectations)
o E[aX +b] = aB[X] 5.
o E[X; 4 Xa] = E[Xa] + -+ E[X0].
Conditioning on a random variable, independence

Definition (Conditional PMF given another random v
Glven dicrste ranom vatables X, ¥ sed y mch that py (1) >0
we defin

pavGa) & D)

Proposition (Multiplication rule) Given Jomtly discrete random
variables X, Y, and whenever the conditional probabilitis ae
defined,
(@) = px@pyix (42) = py WPy (el)
Definition (Conditional expectation) Given dmcrele random
variables X, Y and y such that py (y) > 0 we d

E[XIY =] = Yapxy (aly)-
Additionally we have
E[g(X))Y =

D 9@pxy (aly)-

Theorem (Total probability and expectation theorems)
1 py () >0, then

px(@) = oy Wpxiy (el
E[X]= Zm(v)a[xh/ =1]

Definition (Independence of a random variable and an event)
discrote random variable X and an ovent A v independent i
P(X =z and A) = px (2)P(A), for all z.

Definition (Independence of two random varisbles) Two discrete
random variables X and ¥ are indepent

Px.y (2.9) = px (@)py (y) for all 2y,

Remark (Independence of a collection of random variables) A
collection X3, Xz, .., Xa of random variables are independent if

DX, X (@100 180) = 2, (@)X, (2), Y1,
Remark (Independence and expectation) In gener
o X ] o (BT By A oxcepion b o hear function

E[aX + bY] = aB[X] 4 bE[Y]

Discrete random variables
Probability mass function and ezpectation

Definition (Random variable) A randomm variable X s a function

of the sample space @ into the real numbers (or R™). Its range can

bo discrete o continious

Definiton (Probability mass funtion (PMF)

of a discrete random variable X is callad its PMF.

x(2) = P(X =2) = P ({ €Q: X(w) =}).

Properties

px(2)20, Va.

Zepx(e)=1

Example (Bernoulli random variable) A Bernoulli random
iable X with parameter 0 <p< 1 (X ~ Ber(p)) takes the

Pllowing vahue:
. {1 wnp,

)phe probabilty law
It is defined

0 wp l-p
An indicator random vaiable of an event. (14 = 1 if A aceurs) is an
example of a Bernoulli rendom veriable.

Exampl (Dicrto nifrmn random vriable) A Discrsta uiform
random variable X between a and b with a < b (X ~ Uni[a,

takes any of the values in {a,0+1,...,b} with pmbabxhty
Example (n inomial random variable) A

variable X with parameters n (natural numm) nnd u a1

(X ~Bin(n, p)) t svaluas m the set {0,1,...m

probabilities px (1) = (1)p* (1 -p)""

t represents the number s independent trials where
each trial has a probability of success p. Thercfore, it can also be
seen as the sum of 7 independent Bernoulli random variables, cach
with parameter p.

Example (Geometric random variable) A Geometric random
variable X with parameter 0 <p< 1 (X ~ Geo(p)) zm. values in
the set {1,2,...} with probabilitics px (i) = (1 - )"~
¢ represcote h number of independen trils i (and fcluding)
the first success, when the probability of success in each trial i
dom va

Definition (Expee mean of a ra

expectation of & discrets ranom variabl Is deflned 80

E(X] £ Eapx (=),

assuming £, lalpx (<) < oo
Propertics (Properties of expectation)
o If X >0 then E[X] 20,
o fas X <bthen a<E[X]<b
o If X = ¢ then B[X] = c.
Example Expected value of know r.v.
o If X ~ Ber(p) then E[X] =
o If X = Iy then E[X] = P(A).

o If X ~ Uni[a, ] then E[X] = 252,
« If X ~ Bin(n,p) then E[X] = np.
o If X ~ Geo(p) then E[X] = 1.

Proposlton (Bxpectation of productof independent r.v) 1f X
discrete independent

E[XY] = BIX]E[Y].
Remark 1f X and ¥ are independent,
E[g(COY)] = E[g(X)]E[R(Y)].

Proposition (Variance of sum of independent random variables)
IF X and ¥ are discrete independent, random variat

Var(X +Y) = Var(X) + Var(¥).

Continuous random variables
PDF, Erpectation, Variance, CDF

Definition (Probability density function (PDF)) A probability
density function of a r.v. X is a non-negative real valued function

JFx that satisfies the following

.

+ B(a<X £8) - [ fx(e)do lor some random variable X.

Definition (Continuous random variable) A random variable X is
continuous if its probability law can be described by & PDF fx.
Remark Continuous random variables satisfy

« For small 50, P(a< X <a+8) fx(a)5.

. B(X-0)-0, YacR.
bfinition (Bxpectation of » continuous randorn vriable) The
expectation of a continuous random variable
Ex)2 [T afx(a)dn

assuming ,Z [alfx (@)dz.
Properties (Properties of expectation)

® If X 20 then E[X] 2 0.

® Ifa< X <bthenasE[X]<b.

« Bl(0]- ] s()fx(a)da.

© E[aX +5] = aE[X] +b.

continuous random varisble X with s = E[X], its variance is

Var(x) = B[(X - %] = [T @2 px @)z,

1t has the same propertis as the variance of a discete random
vaciable

Example (Uniform continuous random variable) A Uniform
continuous random variable X between a and b, with a <b,

(X ~ Uni(a, b)) has PDF

ifa<z<b,

otherwise,

Ix(@)= {”‘“

We have E[X] = 3% and Var(X) = ¢72°
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Example (Exponential random variable) An Exponential random
variable X with parameter A>0 (X ~ Ezp(})) has PDF

Aee, ifz20,
B
We have E[X] = % and Var(X) = 5.
Jefinition (Cumulative Distribution Function (CDF)) The CDF
f a random varisble X is Fx (¢) = P(X <2).
In particular, for a continuous random variable, we have

Fx@)= [ fx@dz,

Properties (Propertics of CDF)
o Ify2z, then Fx(y) 2 Fx(a)
o lim Fy(@)=0.

« I Fy(a)

Deion (orGassian s ve) A Nonal rndom
variable X with mean  and variance o2 5 0 (X ~ A'(,0%) has
For
2)= e ew?
R

We have E[X] = s and Var(X) = o2.
Remark (Standard Normal) The standard Normal is A°(0,1).
Proposition (Linearity of Gaussians) Given X ~ N'(x,0?), and if

o, 1+ b,a%0?)

Using this ¥ = £ is a standard gaussian.

Conditioning on an event, and multiple continuous r.u.
Jonditional PDF given an event) Given a continuous
random variable X and event A with P(4) >0, we define the
conditional PDF as the function that satisfies

P(XeBIA) = [ fra@)de

Definition (C

Definition (Conditional PDF given X  A) Given a continuous
random variable X and an A c R, with P(4) > 0:

lx@, meh,

Fxixea(® o ofa

sition (Conditinal expectation) Given  cotinuous random
variable X and an event A, with P(A) >

E[X]A] = /w Fxja(@)de.

al random variable)
When we condition an exponenllal vandom variablo X on the ovent,
X >t we have memorylessness, meaning that the ‘remaining ti
374 given that X >4 is also goometsic with the same parameter
P(X-t>2]X>1) =P(X >2).

Sums of i

v, and
Proposition (Discrete case) Let X, Y be discrete independent
sandomm variables and Z - X + Y, then the PMF of Z 15

P2(z) = Sox(@py (z-2).

Proposition (Continuous case) Let X, be continuous
independent random variables and Z = X +Y/, then the PDF of Z is
12 = [~ ix @y (s- )i
Proposition (Sum of independent normal r.v.) Let X ~ N(iz,02)

and Y ~ N(uy,03) independent. Then
Z=X+Y ~ N (z + puy,02 +32)
Defaition (Covariance) We define the covariance of random
variables XY a5
Cov(X,Y) 2 E[(X - E[X.
Properties (Properties of covariance)
© If X,Y are independent, then Cov(X,Y)
« Cov(X,X) = Var(X.
* Cov(aX +b,Y) =aCov(X,Y).
o Cov(X,Y + Z) = Cov(X,Y) + Cov(X, ).
« Cov(X,Y) = E[XY] - E[X]E[Y].
Proposition (Variance of a sum of .v.)
Var(X1 +-+ Xn) = ):vﬂ(x‘) + z Cov(X:, X))

DY -EXD]

We def the corecltion
cocficions of random variables X, with ax oy >0, a
R cW(i(Vy)

Properties (Properties of the correlation coefficient)

o -1spsl,

o If X,Y are independent, then p= 0.

o lol=1if and enly if X ~ E[X] = c(¥ ~ E[¥])

© p(aX +5,Y) = sign(a)p(X,Y)
Conditional expectation and variance, sum of
random number of r.v.

Definito tional expect andom variable) G
random variables X, the conditional expoctation E[X[Y] is the
random variablo that takes the value E[X|Y = y] whenever Y = .
Theorem (Law of iterated expectations)

XY

ditional variance as a randc

rando vasisbles X,¥ tho conditional variaics vﬂ(xm s the

undom variable that takes the value Var(X|Y = y) whenever

Theorem (v oftotal variance)

Var(X) = B[Var(X[¥)] + Var (E[X|Y])
Proposition (Sum of a random number of independent r.v.)
Lot  be a somnegativ itesesrendorn variable
Let X, Xy, Xz,..., X be i.id. random variables
Let Y= X, X;. Then

= B[NJE[X],
[N]Var(X) + (E[X])? Var(N)
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Thoorem (Total probability and expectation theorems) Given a
partition of the space into disjoint events Ay, Aa,..., Ay such that
5(P(A;) = 1 we have the following:
Fx(2) = P(41)Fx|, (@) + -+ P(4n)Fxa, (2),
(@) = P(A1)fx1, @) + -+ P(An) i, (2)s
= P(AE[X|AL] 4 + P(ALE[X|41]

efinition (Jointly continuo variables)
(collction) of random varisble i jointly continuous i there oxists
& joint PDF fy,y that describes them, that is, for every set B < R"

P(XY)eB) = ]| fry (o)dody

Properties (Properties of joint PDFs)

o 1x@= ] e (@i

o Fyy(zy)=P(X<2,Y<y)

T[L rerenan]e

. fxy(@)=

Example (Uniform joint PDF on a set 5) Let § c R? with area

P,y (z)
osoy

550, then the random variable (X, Y) is uniform over S if it has
(b @wes
Ixx (@)= {u, (@) ¢S,

Candmumng on a random variable, independence, Bayas’ rule

Ghven tatly conims soadom vasabs .5 aa » it suc
that fy (4) > 0, we deine the conditional PDE 2t

2 fxy(zv

Fvtatn & LD,

Additionally we define P(X ¢ AlY = 1,) /‘ Ty )z,
Proposition (Multiplication rule) Given jointly continuous
andom variables X, Y, ibie we hay

Ly (@9) = fx(@)frix 0lz) = fr ) Fxiy (aly).
Definition (Condit ion) Given jointly continuous
randorn variables X, Y. mi y auch that fv(y) >0, we define the
conditional expected valuo as

E[X]Y =

[t telraz
Additonally we have
ELOOW =3l = [ o) (@)de.
‘Theorem (Total probability and total expectation theorems)
Ix@ = 7 @iy iy,
E(X]- [ A GIELXIY -yl

Definition (Indep ointly continuous random variables
X,Y are mdnpcndcn i fx, y(z e Ty () for il o5

Propasiion (Bspectalon of product of independsnt r.v) 1f X
and Y are independent continuous random variables,

E[XY] = BIX]E[Y].
emark If X a independent
E[s’(x)h(y)] [Q(X)]E[h(y)]

Proposition (Variance of sum of independent random mnhlcq
X and Y are independent continuous random variables,

Var(X +Y) = Var(X) + Var(¥).
Proposition (Bayes’ rule summary)

o For X, discrote: pxy (aly) = ZX A0

o For X, contimous: fxpy (aly) = XE00x0l)

; . Px@)yix
« For X discrete, ¥ continuous: pxjy (ely) = ZXEGP0x0),

« For X contimuous, ¥ discretes fxy (ely) = 2XEE0)

Derived distributions

Proposition (Discrete case) Given a discrete random variable X
and a function g, the r.v. ¥ = g(X) has PMF

5 px(a).
ey

-
Remark (Linear function of discrete random variable) 1f
9(2) = az+b, then py (4) = px (152).

Proposition (Linear function of continuous r.v.) Given a
continuous random variable X and ¥ = aX +b, with a # 0, we have

of normal r.v.)
=aX +b, with a+0, then Y ~ N(ap +b,0%2).

Corallary (Linear functio If X ~ N (1, 0%) and
Exampl (Goners function of  contimious ) 1 X
ontinious randomn varableand i any funcio, to abtain the
PaFof ¥ = 9(X) we follow the twe-step procediu
1. Find the CDF of Y: Fy (3) = P(Y $3) = P (4(X) < ).

2. Differentiate the CDF of ¥ to obtain the PDF:
Pty - 56
&
Proposition (General formula for monotonic g) Let X bo a

continuous random variable and ¢  function that is monotonic

wherever fx () > 0. The PDF of Y = g(X) is given by

1) 1 ) [0

in the interval where g is monotonic.
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